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Abstract 

In this paper wc consider a random copolymer near a selective interface separating two 
' solvents. The configurations of the copolymer are directed paths that can make i.i.d. ex- 

t— I cursions of finite length above and below the interface. The excursion length distribution is 

assumed to have a tail that is logarithmically equivalent to a power law with exponent a > I. 
The monomers carry i.i.d. real-valued types whose distribution is assumed to have zero mean, 
fH unit variance, and a finite moment generating function. The interaction Hamiltonian rewards 

matches and penalizes mismatches of the monomer types and the solvents, and depends on two 
^ parameters: the interaction strength /3 > and the interaction bias h > 0. We are interested 

C in the behavior of the copolymer in the limit as its length tends to infinity. 

The quenched free energy per monomer {J3,h) n- g'^^'^{ji,h) has a phase transition along 
a quenched critical curve /3 ^ separating a localized phase, where the copolymer 

^ stays close to the interface, from a delocalized phase, where the copolymer wanders away 

from the interface. We derive variational formulas for both these quantities. We compare 
these variational formulas with their analogues for the annealed free energy per monomer 
/i) gf'*™(/3, /i) and the annealed critical curve /3 i-)- both of which are explicitly 

computable. This comparison leads to: 

(1) A proof that < fif*""(/3,/i) for all a > 1 and in the annealed localized 
phase. 

(2) A proof that /i^™(/3/a) < < hf''^{P) for all a > 1 and ^ > 0. 

(3) A proof that liminf^j^o h'^''%l3)/P > K* with K* = {l+a)/2a for a > 2 and K* = B{a)/a 
for 1 < a < 2 with B(a) > 1. 

U 

(4) An estimate of the total number of times the copolymer visits the interface in the interior 
of the quenched delocalized phase. 

(5) An identification of the asymptotic frequency at which the copolymer visits the interface 
in the quenched localized phase. 

The copolymer model has been studied extensively in the literature. The goal of the present 
paper is to open up a window with a variational view and to address a number of open problems. 
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1 Introduction and main results 



In Section 1.1 we define the model. In Sections 1.2 and 1.3 we define the quenched and the annealed 
free energy and critical curve. In Section 1.4 we state our main results, while in Section 1.5 we 
place these results in the context of earlier work. For more background and key results in the 
literature, we refer the reader to Giacomin [21], Chapters 6-8, and den Hollander [22], Chapter 9. 



1.1 A copolymer near a selective interface 

Let uj = (cjfc)fcgN be i.i.d. random variables with a probability distribution on M having zero 
mean and unit variance: 

xu{dx) = 0, lx^u{dx) = l, (1.1) 



and a finite cumulant generating function: 

M(A) = log / e"^^ i^{dx) < oo V A G M. (1.2) 
Jr 

Write P = to denote the distribution of co. Let 

n={TT={k,Trk)keNo- vro = 0, vrfcGZV/^GN}. (1.3) 

denote the set of infinite directed paths on No x Z (with No = N U {0}). Fix n G No and f3,h>0. 
For given to, let 

n 

^f''''"(vr) = -/3j^(a;fc + /i)sign(^fc_i,7rfc), tt G H, (1.4) 

k=l 

be the n-step Hamiltonian on 11, and let 

= ^ e-^'""W P{n), vr G H, (1.5) 

be the n-step path measure on 11, where P is any probability distribution on 11 under which 
the excursions away from the interface are i.i.d., lie with equal probability above and below the 
interface, and have a length whose probability distribution p on N has infinite support and a 
•polynomial tail 

log p{m) 

lim — = —a for some a > 1. (l-o) 

logm 



Note that the Hamiltonian in (1.4) only depends on the signs of the excursions and on their starting 



and ending points in w, not on their shape. 

Example. For the special case where u is the binary distribution = i^(+l) = g ^^'^ ^ 

is simple random walk on Z, the above definitions have the following interpretation (see Fig. [T]). 



Think of vr G H in (1.3) as the path of a directed copolymer on No x Z, consisting of monomers 



represented by the edges (7rfc_i,7rfc), A; G N, pointing either north-east of south-east. Think of 
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Figure 1: A directed copolymer near a linear interface. Oil in the upper half plane and hydrophobic 
monomers in the polymer chain are shaded light, water in the lower half plane and hydrophilic monomers 
in the polymer chain are shaded dark. (Courtesy of N. Petrelis.) 



the lower half-plane as water and the upper half-plane as oil. The monomers are labeled by u), 
with uik = —1 indicating that monomer k is hydrophilic and cok = +1 that it is hydrophobic. 
Both types occur with density ^. The factor sign(7rfc_i, vr^) in (1.4) equals —1 or -|-1 depending 
on whether monomer k lies in the water or in the oil. The interaction Hamiltonian in (1.4) 
therefore rewards matches and penalizes mismatches of the monomer types and the solvents. The 
parameter /3 is the interaction strength (or inverse temperature) , the parameter h plays the role of 
the interaction bias: h = corresponds to the hydrophobic and hydrophilic monomers interacting 
equally strongly, while h = 1 corresponds to the hydrophilic monomers not interacting at all. The 
probability distribution of the copolymer given u is the quenched Gibbs distribution in (1.5). For 
simple random walk the support of p is 2N and the exponent is a = |: p{2m) ~ l/ln^'^m^^'^ as 
m — >• oo (Feller jT5], Chapter III). 



1.2 Quenched free energy and critical curve 

The model in Section [l.l| was introduced in Garel, Huse, Leibler and Orland [16j. It was shown in 
Bolthausen and den Hollander [8] that for every f3,h > the quenched free energy per monomer 

/'>"''(/3, h) = lim - logZf'''''^ exists w-a.s. and in L'^{¥), and is w-a.s. constant. (1.7) 

n— ^-oo n 

It was further noted that 

/q"^(/3,/i) > /3/i. (1.8) 

This lower bound comes from the strategy where the path spends all of its time above the interface, 
i.e., TTfc > for 1 < k < n. Indeed, in that case sign(7rA;_i, vr^) = +1 for 1 < k < n, resulting 
i n ff n'^'^(7r) = —Phn[l + o(l)] w-a.s. as n — )■ oo by the strong law of large numbers for u ( reca ll 
(lT|)). Since P({7r e U: vr^ > for 1 < A; < n}) = Efc>n = n^-^+^^i) as n ^ oo by ( |l6| ), 
the cost of this strategy under P is negligible on an exponential scale. 

In view of (1.8), it is natural to introduce the quenched excess free energy 

g^''%(3,h) = f^-<^{(3,h)-Ph, (1.9) 



to define the two phases 

P'i- = {(/3,/i): g^^''{(3,h)=0}, 



(1.10) 
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and to refer to T)'^^'^ as the quenched delocalized phase, where the strategy of staying above the 
interface is optimal, and to C^^^ as the quenched localized phase, where this strategy is not optimal. 
The presence of these two phases is the result of a competition between entropy and energy: by 
staying close to the interface the copolymer looses entropy, but it gains energy because it can more 
easily switch between the two sides of the interface in an attempt to place as many monomers as 
possible in their preferred solvent. 

General convexity arguments show that D'^^^ and C^^^ are separated by a quenched critical 
curve /3 i— t- hc^'^{f3) given by 

/tq"^(/3) = sup{/i > 0: g'^''^(/3,/i) > 0} = mi{h > 0: 5^"''(/3, /i) =0}, /? > 0, (1.11) 

with the property that /ic^'^(O) = 0, /3 i— t- hc^^{f3) is strictly increasing and finite on [0,oo), and 
(3 I—)- (3hc^^{/3) is strictly convex on [0,oo). Moreover, it is easy to check that lim^^co ^c"^(/3) = 
sup[supp(j/)], the supremum of the support of u (see Fig. [2]). 





Figure 2: Qualitative pictures of /i i-> g'^^°{li,h) for fixed P > Q, respectively, /3 ^ h'^^°{l3). The quenched 
critical curve is part of V^^^ . 



The following bounds are known for the quenched critical curve: 

"^M f^) < /i^^°(/3) < (2/3)-1m(2/3) V/3>0. 



(1.12) 



The upper bound was proved in Bolthausen and den Hollander [8j, and comes from an annealed 
estimate on uj. The lower bound was proved in Bodineau and Giacomin [6j, and comes from 
strategies where the copolymer dips below the interface during rare stretches in w where the 
empirical density is sufficiently biased downwards. 

Remark: In the literature p is typically assumed to be regularly varying at infinity, i.e., 

p{m) = mr°'L{m) for some a > 1 with L slowly varying at infinity. (1-13) 



However, the proof of (1.12) in [8j and [6j can be extended to p satisfying the much weaker 



assumption in (1.6). In the literature v is sometimes assumed to have Gaussian or sub-Gaussian 



tails, which is stronger than (1.2). Also this is not necessary for (1.12). Throughout our paper 



(1.2) and (1.6) are the only conditions in force (with a sole exception indicated later on). 



1.3 Annealed free energy and critical curve 



(1.3 


1.5 


), ( 


1.7 


) and ( 


1.9 



re 



oo, we see that the quenched excess free energy is given by 



5^"'=(/3,/i) 



lim -logZf''^'' 



oj-a.s. 



I3hn[l + o(l)] cj-a.s. as 
(1.14) 
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with 



Zf'^'- = 5^P(7r)exp 



Tren 



/5 '^{'^k + h) [sign(7rfc_i, TTfc) - 1] 



k=l 



(1.15) 



In this partition sum only the excursions of the copolymer below the interface contribute. The 
annealed version of the model has partition sum 

n 

nz^'^n = E ^(-) n [i{sign(.,_„.,)=i} + e^^^'^y^^^ i{sign(.,_„.,)=-i}] ' (1-16) 

Tren k=i 

where E is expectation w.r.t. P. The annealed excess free energy is therefore given by 

ff-'^(/3,/i)= hm -logE(Zf 



n— >oo n 



(1.17) 



{Note: In the annealed model the average w.r.t. P i s ta ken on the partition sum Zi'''''^ in (|1.15|) 
rather than on the original partition sum Zn^'^ in (1.5).) The two corresponding phases are 



pa 



{{13, h): g^--{f3,h)=0}, 
{{/3,h): 5"'-(/3,/i)>0}, 



(1.18) 



which are referred to as the annealed delocalized phase, respectively, the annealed localized phase, 
and are separated by an annealed critical curve f3 i— t- /i|^™(/3) given by 

/i^'^"(/3) = sup{/i > 0: (7^''"(/3,/i) > 0} = inf{/i > 0: g^''''{(3,h) = 0}, /3 > 0. (1.19) 



g-"(/3,/i) 
M{2/3) 




/i-"(/3) 




Figure 3: Qualitative picture of g^""(/3, /i) for fixed ;0 > 0, respectively, ^ i-^ ft.^""(/3). The annealed 
critical curve is part of 2?^"". 



and 



An easy computation based on ( 1.16| ) gives that (see Fig. [3]) 

g'^'^'^(/3,/i) = OV[M(2/3)- 2/3/1], f3,h>0, 

/i^nn(^) ^ (2/3)-iM(2/?), /3 > 0. 



(1.20) 
(1.21) 



Thus, the upper bound in (1.12) equals h'^^^{f3), while the lower bound equals /i^™(/3/a). 
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1.4 Main results 

Our variational characterization of the excess free energies and the critical curves are contained in 
the following theorem. 



Theorem 1.1 Assume (1.2) and (1.6). 



(i) For every (3,h> 0, there are lower semi- continuous, convex and non-increasing functions 

(1.22) 



given by explicit variational formulas, such that 

g^^^{f3,h)=mf{g G M: S^^%P,h;g) < 0}, 
g^'in(/3,h) = inf{5 G R: 5^'^"(/3, /i; 5) < 0}. 

(a) For every {3 > 0, g^^^(l3,h) and g^'^'^{(3,h) are the unique solutions of the equations 

5^"^(/3, h;g)=0 for < h < hT^iP), 
5^°"(/3, h;g) = for h = /i^°°(/3). 

(Hi) For every f3 > 0, hc^^(/3) and /i^°"(/3) are the unique solutions of the equations 

5i"'^(^,/i;0) = 0, 
S^'^'^Ip, h; 0) = 0. 



(1.23) 



(1.24) 



(1.25) 



The variational formulas for S'^"*^(/3, h; g) and S'^°'^(/3, h; g) are given in Theorem 3.1 , respectively. 



Theorem 3.2 in Section [3j Figs. [6[|9] in Section [3] show how these functions depend on /3,/i and g, 



which is crucial for our analysis. 

Next we state six corollaries that are consequences of the variational formulas. The first three 
corollaries are strict inequalities for the excess free energies and the critical curves. 

Corollary 1.2 g<i"'=(/3, /i) < 5^°''(/3,/i) for all {P,h) E 

Corollary 1.3 If a > 1, then hT\P) < h^'^'^^/S) for all /? > 0. 

Corollary 1.4 If a > 1, then hT^P) > /i^"'"(/3/a) for all /3 > 0. 

The fourth corollary concerns the slope of the quenched critical curve at /? = 0. For 1 < a < 2, 

POO 

Ia{B)= dyy-'^'[E^{y,B)-ll B>1, (1.26) 
JO 

E^{y,B) = I dx^e-'2-' f^le-^^y-^^A (1.27) 



let 



where 



with 

/,(z) = {i(l + z°)}'/", (1.28) 

and let 1 < B{a) < cxd be the unique solution of the equation Ia{B) = 0. We say that p is 
asymptotically periodic when there exists a p G N such that p{m) > if and only if m G pN for 
m large enough. 
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Corollary 1.5 Suppose that p is asymptotically periodic. Suppose further that either nip < oo, 



or rrir 



oo and p is regularly varying at infinity (i.e., (1.13) holds along the support of p). Then 



liminf^^o > K* with (see Fig. ^ 



^B{a), forl<a<2, 
for a > 2. 



l+a 
2a ' 



(1.29) 



K:(a) 




a 



1 2 

Figure 4: Qualitative picture of q i— K*{a). 

The last two corollaries concern the typical path behavior. Let 'p!^'^'^ denote the path measure 
associated with the constrained partition sum Z^'''''" defined in (fLTsj). Write Mn = \{l < i < 



n: TTi = 0}| to denote the number of times vr returns to the interface up to time n. 

Corollary 1.6 For every (/3, /i) G int(P'5"^) and c > a/[-S'^'"'{(3,h;0)] G (0,oo), 

lim Pf'''''^ (>[„ > clogn) = u - a.s. 

n— >oo 

Corollary 1.7 For every (/3, h) G 

lim Pf''^'^(|^M„-C| <e) = 1 oj-a.s. Ve > 0, 

where 



1 



d 



5^-(/3,/i;<7^-(/3,/i)) G(-oo,0), 



(1.30) 



(1.31) 



(1.32) 



C dg 

provided this derivative exists. (By convexity, at least the left- derivative and the right- derivative 
exist.) 

1.5 Discussion 



1. The main importance of our results in Section 1.4 is that they open up a window on the 
copolymer model with a variational view. Whereas the results in the literature were obtained 
with the help of a variety of estimation techniques, Theorem |1.1| provides variational formulas 
that are new and explicit. As we will see in Section [3j these variational formulas are not easy 
to manipulate. However, they provide a natural setting, and are robust in the sense that the 
large deviation principles on which they are based (see Section [2]) can be applied to other polymer 
models as well, e.g. the pinning model with disorder (Cheliotis and den Hollander |13|). Still 
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other applications involve certain classes of interacting stochastic systems (Birkner, Greven and 
den Hollander [3J). For an overview, see den Hollander [ 23] . 



2. The gap between the excess free energies stated in Corollary 1.2 has never been claimed in the 
literature, but follows from known results. Fix /3 > 0. We know that h i— )• g^^'^{f3,h) is strictly 
positive, strictly decreasing and linear on (0, /i™'^(/3)], and zero on [/i^°°(/3), oo) (see Fig. [s]). We 
also know that h i— >• g^^^{l3, h) is strictly positive, strictly decreasing and convex on (0, /ic"''(/3)], and 
zero on [/ic"'^(/3), oo). It was shown in Giacomin and Toninelli [18t 119] that h i— )• g'^'^°{f3,h) drops 
below a quadratic as /i f hc^^{l3), i.e., the phase transition is "at least of second order" (see Fig. [2]). 
Hence, the gap is present in a left-neighborhood of hc^^{f3). Combining this observation with the 
fact that g'^''^{P,h) < g''''''iP,h) and hT^iP) < it fohows that the gap is present for all 

h G (0, /i^"'^(/3)). Note: The above argument crucially relies on the linearity of /i 1— )• g^^'^{f3, h) on 
{Q,h^^{j5)]. However, we will see in Section [3] that our proof of Corollary 1.2 is robust and does 
not depend on this linearity. 



3. For a number of years, all attempts in the literature to improve (1.12) had failed. As explained in 



Orlandini, Rechnitzer and Whittington [25] and Caravenna and Giacomin the reason behind 



this failure is that any improvement of (1.12) necessarily requires a deep understanding of the 



global behavior of the copolymer when the parameters are close to the quenched critical curve. 



Toninelli [26j proved the strict upper bound in Corollary 1.3 with the help oi fractional moment 



estimates for unbounded disorder and large /3 subject to (1.2) and (1.13), and this result was later 



extended by Bodineau, Giacomin, Lacoin and Toninelli [7j to arbitrary disorder and arbitrary 
/3, again subject to (1.2) and (1.13). The latter paper also proved the strict lower bound in 
Corollary |1.4| with the help of appropriate localization strategies for small /3 and a > ao, where 
cto ~ 1.801 (theoretical bound) and oq 1.65 (numerical bound), which u nfor tun ately excludes 

for which a 



1.1 



the simple random walk example in Section 
strict inequalities in full generality subject to (]1.2l) and il.dh 



3 
2- 



Corollaries 



1.3 



and 



1.4 



4. A point of heated debate has been the value of 



settle the 



(1.33) 



which is believed to be universal, i.e., to depend on a alone and to be robust under changes of the 
fine details of the interaction Hamiltonian. The existence of Kc was proved in Bolthausen and den 
Hollander |i8| for p associated with simple random walk (a = |) and binary disorder. The proof 
uses a Brownian approximation of the copolymer model. This result was extended in Caravenna 



and Giacomin [TT] to p satisfying (1.13) with 1 < a < 2 and disorder with a moment generating 



function that is finite in a neighborhood of the origin. The proof uses a Levy approximation of 
the copolymer model. The Levy copolymer serves as the attractor of a universality class, indexed 
by the exponent 1 < a < 2. For a > 2, the existence of the limit has remained open. The bounds 



in (1.12) imply that Kc G [1/a, 1], and various claims were made in the literature arguing in favor 
of Kc = 1/a, respectively, Kc = 1. However, in Bodineau, Giacomin, Lacoin and Toninelli [7] 
it was shown that liminf^j^o ^c"'^(/3)//3 > 1/a for a > ao and liminf^^g ^c"'^(/5)//3 ^ 5 V {l/^/a) 
for a > 2. Corollary |1.5| improves these two lower bounds. We do not have an upper bound. In 
[7] it was shown that limsup^j^g ^c"''(/5)//^ < 1 a > 2, which was later extended to a > 1 in 
Toninelli [^27]. For an overview, see Caravenna, Giacomin and Toninelli 



5. A numerical analysis for simple random walk (a = |) and binary disorder carried out in 
Caravenna, Giacomin and Gubinelli [TO] (see also Giacomin |21j . Chapter 9) showed that Kc S 
[0.82,0.84]. Since | = 0.833 . . . , the following conjecture is natural. 
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Conjecture 1.8 Kc 



^ for allay 1. 



In [To] is was also shown that 

hT^if^) - i2Kcf3)~'^logcosh{2Kcl3) for moderate /3. 



(1.34) 



Thus, the quenched critical curve lies "somewhere halfway" between the two bounds in (1.12) 



and so it remains a challenge to quantify the strict inequalities in Corollaries 1.3 and 1.4 Some 



quantification for the upper bound was offered in Bodineau, Giacomin, Lacoin and Toninelli fT], 
and for the lower bound in Toninelli ^27j. Our proofs of Corollaries 1.3 and 1.4 sharpen these 
quantifications. 



6. Because of (1.12), it was suggested that the quenched critical curve possibly depends on the 
exponent a of p alone and not on the fine details of p. However, it was shown in Bodineau, 
Giacomin, Lacoin and Toninelli [7] that, subject to (|1.2[), for every a > 1, (3 > and e > there 



exists a p satisfying (1.13) such that hc^^{(3) is e-close to the upper bound, which rules out such 



a scenario. Our variational characterization in Section |3] confirms this observation, and makes it 
quite evident that the fine details of p do indeed matter. 



7. Special cases of Corollaries |1.6| and 1.7 were proved in Biskup and den Hollander [5j (for 



simple random walk and binary disorder) and in Giacomin and Toninelli jl7l [20] (subject to ( 1.13| ) 
and for disorder satisfying a Gaussian concentration of measure bound). However, no formulas 
were obtained for the relevant constants. The latter two papers prove the bound under the average 
quenched measure, i.e., under E(Pn''*''^)- For the pinning model with disorder, the same result 
as in Corollary 1.6 was derived in Mourrat |24j with the help of the variational characterization 



obtained in Cheliotis and den Hollander 1131. 



1.6 Outline 

In Section [2] we recall two large deviation principles (LDP's) derived in Birkner [2] and Birkner, 
Greven and den Hollander [3] , which describe the large deviation behavior of the empirical process 
of words cut out from a random letter sequence according to a random renewal process with 
exponentially bounded, respectively, polynomial tails. In Section [3] we use these LDP's to prove 
Theorem 1 1.1 1 In Sections |4[|8] we prove Corollaries 1.2-1.7 Appendices [A| - [D] contain a number of 
technical estimates that are needed in Section |3l 

In Cheliotis and den Hollander [13], the LDP's in |3] were applied to the pinning model with 
disorder, and variational formulas were derived for the critical curves (not the free energies). The 



Hamiltonian is similar in spirit to (1.4), except that the disorder is felt only at the interface, which 



makes the pinning model easier than the copolymer model. The present paper borrows ideas from 
|13] . However, the new challenges that come up are considerable. 



2 Large deviation principles: intermezzo 



In this section we recall the LDP's from Birkner [2J and Birkner, Greven and den Hollander [3], 



which are the key tools in the present paper. Section 2.1 introduces the relevant notation, while 



Sections |2.2| and 2.3 state the annealed, respectively, quenched version of the LDP. Apart from 
minor modifications, this section is copied from We repeat it here in order to set the notation 
and to keep the paper self-contained. 



9 



Figure 5: 



Ti n n Ta n 

Cutting words out from a sequence of letters according to renewal times. 



Fix ly £ T-'iE), and p £ V{N) satisfying (1.6). Let X = {Xk)keN be i.i.d. ii^-valued random 
variables with marginal law z/, and r = (Tj)jgN i-i-d. N-valued random variables with marginal law 
p. Assume that X and r are independent, and write P* =¥ P* to denote their joint law. Cut 
words out of the letter sequence X according to r (see Fig. [5|, i.e., put 

To = and Ti = r,_i + n, i£ N, (2.1) 

and let 

y» = (XT,_,+i,XT,_,+2,...,XT,), ieN. (2.2) 

Under the law F* , Y = (y(*)) 

ieN is an i.i.d. sequence of words with marginal law qpiy on E given 

by 

qp,u(dxi, . . .,dxm) = P*(y(^) G (dxi, . . .,dXm)) 

(2.3) 

= p{m) v{dxi) X • • • X u{dxm)-, m E N, xi, . . . , Xm £ E. 
We define pg as the tilted version of p given by 

Pg{m)= p \ mGN, AA(<7) = J] fi-^'Xm), 5G[0,oo). (2.4) 

Note that if g > 0, then pg has an exponentially hounded tail. For 5 = we write p instead of pQ. 
We write P* and g^^^;^ for the analogues of P* and qp^j, when p is replaced by pg defined in (2.4). 

The reverse operation of cutting words out of a sequence of letters is glueing words together 
into a sequence of letters. Formally, this is done by defining a concatenation map k from E^ to 
E^ . This map induces in a natural way a map fsrom P(S^) to V{E^), the sets of probability 
measures on E^ and i?^ (endowed with the topology of weak convergence). The concatenation 
q®^ o of q®^ equals u^, as is evident from (2.3). 

Let V'''^{E^) be the set of probability measures on E^ that are invariant under the left-shift 
^acting on E^. For Q G pi"^(^^), let H{Q \ qf^) be the specific relative entropy of Q w.r.t. qf^ 
defined by 

H{Q I O = hm 1 h{n^Q I q^^,), (2.5) 

where ttatQ G V{E^) denotes the projection of Q onto the first N words, h{ - \ ■) denotes relative 
entropy, and the limit is non-decreasing. The following lemma relates the specific relative entropies 
of Q w.r.t. andg^N^. 

Lemma 2.1 For Q G r'''^{E^) and g G [0,oo), 

H{Q I <^) = HiQ I qf;^) + log AA(5) + gmg (2.6) 
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with M{g) G (0,1] defined in (2.4) and mq = Eq{ti) G [1,oo] the average word length under Q 
(Eq denotes expectation under the law Q and ti is the length of the first word). 



Proof. Observe from (2.4) that 



KttnQ I qp„,u) = L {■^NQ){dy) log ( '^pfi- 



{■^NQ){dy) log ^ 
h{^NQ I qp,u) + NlogMig) + NgmQ, 



M{g)^ 



d-JTNQ . s 



(2.7) 



where \y^'^^\ is the length of the i-th word and the second equality uses that Q £ 'P™^(i?^). Let 
N ^ oo and use (2.5), to get the claim. I 



Lemma 
case of |2j, 



2.1 



;emma 7. 



implies that if g > 0, then mq < oo whenever H{Q \ qf'J^^) < oo. This is a special 



2.2 Annealed LDP 

For N £N, let (y^^), . . . , y(^) )?<'■■ be the periodic extension of the A^-tuple (F^^), . . . , Y^^^) G 
to an element of E^, and define 

^ ]V ^ '^e'(r(i),...,yW)p<='- ^ ^"''(^^)- (2.8) 

i=0 

This is the empirical process of N -tuples of words. The superscript X indicates that the words 
Y^^\ . . . ,Y^^^ are cut from the letter sequence X. The following annealed LDP is standard (see 
e.g. Dembo and Zeitouni [14J, Section 6.5). 

Theorem 2.2 For every g G [0,oo), the family (P x Pg){R^ £ ■), N G^, satisfies the LDP on 
-pmv^^N^ itiit/i rate N and with rate function I^"^^ given by 

I^^^iQ) = H{Q I g®^), Q G pi-(^^). (2.9) 

This rate function is lower semi- continuous, has compact level sets, has a unique zero at qf^^, and 
is affine. 

It follows from Lemma l2. II that 

/--(Q) = /-"(Q) + log AA(5) + gmg, (2.10) 
where F'^^'°^{Q) = H{Q \ q^^), the annealed rate function for g = 0. 
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2.3 Quenched LDP 



To formulate the quenched analogue of Theorem 2.2, we need some more notation. Let 

be the set of probability measures on that are invariant under the left-shift 6 acting on E^. 

For Q G piii^(^P^) such that mq < oo, define 

*Q = —Eq r£^,..(y)) G (2.11) 
^ \fc=0 / 

Think of as the shift-invariant version of Q o obtained after randomizing the location of 
the origin. This randomization is necessary because a shift-invariant Q in general does not give 
rise to a shift-invariant Q o k~^. 

For tr G N, let [■]tT- E — t- [-E]tr = U^'"^^£''^ denote the truncation map on words defined by 

y = (Xi, . . . ,Xm) 1-^ [y]tr = (Xi, . . . ,Xm,Atr), m G N, Xi , . . . , G -E, (2.12) 

i.e., [yjtr is the word of length < tr obtained from the word y by dropping all the letters with 
label > tr. This map induces in a natural way a map from to and from V''^''{E^) to 

V'''''{[Ef,). Note that if Q G P'°^(^^), then [Q]tr is an element of the set 

pinv,fin(^N^ = {Q G pi°^(^^) : mq < oo}. (2.13) 
Define (w-lim means weak limit) 



7^ 



QGP'-(S^): w- hm 1^^,..,(^) = ^«^ Q-a...|, (2.14) 



Ar->oo N 

k=0 



i.e., the set of probability measures in P''^'^(£'^) under which the concatenation of words almost 
surely has the same asymptotic statistics as a typical realization of X. 



Theorem 2.3 (Birkner p]; Birkner, Greven and den Hollander [3j) Assume (1.2) and (1.6). Then, 
for zv®^-a.s. all X anc 
P;{R^ G 0: iV G N, 
function Ig^^ given by 



for i^'^^-a.s. all X and all g G [0, cxd), the family of (regular) conditional probability distributions 



Pg{R^ G •), G N, satisfies the LDP on ^'^"^(E'^) with rate N and with deterministic rate 



and 



where 



/q-(Q) = I ^r"(Q)' 'fQ ^ ^' ^hen g>0, (2.15) 
^ [ oo, otherwise, 



J"»(<?) = H(Q I O + (»- l)me-ff(>I'Q I .'«"). (2.17) 

T/iis raie function is lower semi- continuous, has compact level sets, has a unique zero at qf^^,, and 
is affine. 
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The difference between (2.15) for g > and (2.16-2.17) for g 
For g 



can be explained as follows. 



0, the word length distribution p has a polynomial tail. It therefore is only exponentially 
costly to cut out a few words of an exponentially large length in order to move to stretches in X 

Q} with words whose length is of order 1. This 



that are suitable to build a large deviation {R^ 



is precisely where the second term in (2.17) comes from: this term is the extra cost to find these 
stretches under the quenched law rather than to create them "on the spot" under the annealed 
law. For g > 0, on the other hand, the word length distribution pg has an exponentially bounded 
tail, and hence exponentially long words are too costly, so that suitable stretches far away cannot 
be reached. Phrased differently, g > and a G [1, oo) is qualitatively similar to g = and a = oo, 
for which we see that the expression in ^ATh is finite if and only "^q = u^^. It was shown in [2], 
Lemma 2, that 



QeTZ 



on y 



inv,fin / TTiN 



(2.18) 



and so this explains why the restriction Q & TZ appears in (2.15). For more background, see [3]. 

Note that /^"'^(Q) requires a truncation approximation when niQ = oo, for which case there is 
no closed form expression like in (2.17). As we will see later on, the cases niQ < oo and mg = oo 
need to be separated. For later reference we remark that, for all Q G V™^{E^), 

P-'\Q)= lim /-'^"([Q]tr) = sup/-'^([Q]tr), 



as shown in [3], Lemma A.l. 



lim /^-([Q]tr) 

tr— ^oo 



: sup P"""" 

treN 

supI^-([Q]t.), 

trGN 



(2.19) 



3 Proof of Theorem 1.1 



We are now ready to return to the copolymer and start our variational analysis. 



In Sections 3.1 and 3.2 we derive the variational formulas for the quenched and the annealed 



excess free energies and critical curves that were announced in Theorem |1.1[ These variational 
formulas are stated in Theorems 3.1 and 3.2 below and imply part (i) of Theorem |1.1[ In Section 3.3 
we state additional properties that imply parts (ii) and (iii). 



3.1 Quenched excess free energy and critical curve 

Let 



Z: 



I3,h,uj 
n,0 



which differs from Zn^'^ in (1.15) because of the extra indicator Ij^^^g}- This indicator is harm- 



E exp 



/3^(wfc + h) [sign(7rfc_i,7rfc) - 1] 



k=l 



1 



{vr„=0} ) 



(3.1) 



less in the limit as n — )• oo (see Bolthausen and den Hollander [8j, Lemma 2) and is added for 
convenience. To derive a variational expression for (7^^'^(/3, h) = lim„_s>oo \ ^^S^no''^ ^ ~ o,.s., we 
use Theorem 12.31 with 



X = uj, E 



^ = UfeeNK^ z.GP(M), pGP(N), 



(3.2) 



where u satisfies (1.2) and p satisfies (1.6), with p{n) = -P({vr Gil: 7rfc7^0Vl<A;<n, 7r„ = 0}), 



n G N, the excursion length distribution. 
Abbreviate 



C = {Qe p'"^(^^) : P"^(Q) < oo}, C^'' = {QgC: uiq < oo} 



(3.3) 
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Theorem 3.1 Assume (1.2) and (1.6). Fix (3,h> 0. 
(i) The quenched excess free energy is given by 



where 



with 



g^^%/3, h) = mf{5 G M : S'i'^^(/3, h; 5) < 0}, 



S^^%(3,h;g)= sup [^^^^{Q) - gmg - P^^^iQ)] 



J-KiQ){dy) log 4>f^^h(.y), 



1 + e 



-2/3/1 T{y)-2/3a{y) 



(3.4) 
(3.5) 

(3.6) 
(3.7) 



where vfi : E is the projection onto the first word, i.e., ttiQ = Q o tt^^ , and T{y),a{y) are 

the length, respectively, the sum of the letters in the word y. 

(a) An alternative variational formula at g = is S^^^{l3, h; 0) = S^^^{f3, h) with 



Sri/3,h)= sup [<^>p,,{Q)-I'i^%Q)]. 



(Hi) The function g 1— )• S^^^{f3,h; g) is lower semi- continuous, convex and non-increasing on M, is 
infinite on (— oo,0), and is finite, continuous and strictly decreasing on (0,oo). 

Proof. The proof comes in 7 steps. Throughout the proof f3,h > are fixed. 

1 . Let tn = tn (vr) denote the number of excursions in vr away from the interface (recah that 7r„ = 



in (3.1 )). For i = 1, . . . ,tn, let li = Ii{7r) denote the i-tli excursion interval in vr. Then 

n tn 

/3^{u)k + /i)[sign(7rfc_i,7rA;) - 1] = P'^'^i^k + /i)[sign(7rfc_i, vTfc) - 1]. (3.9) 

k=l i=l k&Ii 

During the i-th excursion, vr cuts out the word w/. = {ujk)keii from co. Each excursion can be 
either above or below the interface, with probability ^ each, and so the contribution to Z^'^''^ in 
(3.1) coming from the i-th excursion is 



Hence, putting /j = (fcj-i, ki] n N, we have 



keh 



(3.10) 



N 



',h,uj 



Summing on n, we get 



TVeN 0=feo<A:i<---<fcjv=n i=l 



^ e-^" = F^/'-{g), g G [0, 00), 



(3.11) 



(3.12) 
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with (recall 



2. Let 



^ XI I - A;i_i) j exp 

O=feo<fci<---<fcjv<oo \j=l / 



N 



.i=l 



. (3.13) 



R 



N 



1 ^ 

1=1 



(3.14) 



(3.13) gives 



denote the empirical process of N -tuples of words in uj cut out by the successive excursions. Then 

(3.15) 



F^''^'-(g)=AA(5)^i?!(exp 



N li^iR%)idy) \og<l)^Miy) 



with ^fs^h and 



■ft defined in ( [3l6}j3?7l ) . Next, let 



1 



S^-'{f3,h;g) = nmsup^logF;^'"''^(5), g G [0,oo), (3.16) 
and note that the limsup exists and is constant (possibly infinity) w-a.s. because it is measurable 



w.r.t. the tail sigma-algebra of oo (which is trivial). By (1.14), the left-hand side of (3.12) is a 
power series that converges for g > g^^^{P, h) and diverges for g < g'^'^^{(3, h). Hence we have 



g^''%f3,h) = mf{g G M: S^'^^fS, h; g) < 0}. 



(3.17) 



Below we will see that g i— )• S"^^^ , h; g) is strictly decreasing when finite, so that S'^^'^ {(3 , h; g) 
changes sign precisely at g = g^'^'^{f3, h). 



3. A naive application of Varadhan's lemma to (3.15-3.16) based on the quenched LDP in Theo- 
rem 2.3 yields that 



S^-(/3, h- g) = \ogM{g) + sup [^p,h{Q) - IT%Q)] ■ 



(3.18) 



This variational formula brings us close to where we want, because Lemma 2.1 and the formulas 



for Ig^^(Q) given in Theorem 2.3 tell us that 



r.h.s. (3.18) = < 



f sup [$;3,;,(Q) - - /^"-(Q)] , ifgG(0,oo), 
sup [$/3,;,(Q)-iq-<^(Q)], if 5 = 0, 



(3.19) 



which is the same as the variational formulas in (3.5) and (3.8), except that the suprema in (3.19) 



are not restricted to C^""^. Unfortunately, the application of Varadhan's lemma is problematic, be- 
cause Q I— >• ruQ and Q i— )• ^jS^hiQ) are neither bounded nor continuous in the weak topology. The 



proof of (3.18-3.19) therefore requires an approximation argument, which is written out in Ap- 



pendix |B] and is valid for g G (0, oo). This approximation argument also shows how the restriction 
to C^"^ comes in. This restriction is needed to make the variational formulas proper, namely, it is 
shown in Appendix [A] that if /^""^ is finite, then also ^p^h is finite. Thus, we have 



S^'''if3,h;g) = S^-%l3,h;g), g G {0,oo). 



(3.20) 
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4. To include g S (— oo,0) in (3.20) we argue as follows. We see from (3.6-3.7) and (3.15 ) 
that F^'^''^{g) > [\N{g)\^ . Since M{g) = oo for 5 E (-00, 0), it follows from (3.16) that 
^que^^^ /i; = 00 for g G (—00, 0). Moreover, we have 



>log(i)+ sup [-grrip, - h{p' \ p) 



which is obtained from (3.5-3.7) by picking Q = q'^^ with q'{dxi, . . . , dxm) = p' {m)v{dxi] 



(3.21) 



X • • • X 



v{dxm), m G N, xi,...,Xm G M (compare with (2.3)). By picking p'{m) = 5mL, ?7i G N, with 



L G N arbitrary, we get from (|3.2lD that S"5''^(/3, /i; g) > log(2) - gL + logp(L). Letting L 00 



and using (1.6), we obtain that S^'^^ {f3 , h; g) = 00 for 51 G (— oo,0). Thus, (3.20) extends to 



S^''%l3,h;g) = S^-%/3,h-g), g€R\{0}. 



(3.22) 



S^^%(3,h;g) 



S^^%/3,h;g) 



00 



00 



S^^%P,h;g) 



00 



(1) h < hn^) (2) h = hTiP) (3) h > hr{f3) 

Figure 6: Qualitative picture of g 1-^ S"i"°(/3, h; g) for f3,h > 0. 



5. To complete the proof of (i) and (ii), we need to include g = in (3.22) and derive the 
alternative variational formula for S'^^^{f3, h; 0) given in ( |3.8[ ). In Appendix |C| we will show that 



5^"^(/3, h- 0+) > 5^-(/3, h; 0), h; 0+) > Sr (/?, h), 



where S'q"^(/3, /i; 0+) = liuig^o S'i''%f3 , h; g) . Moreover, by ([3^ and ([3^, we have 

5i'^"(/3, h; 0+) = 5^""(/3, /i; 0+) < 5^"°(/3, /i; 0). 



(3.23) 
(3.24) 



Furthermore, from (3.5) and (3.8) it follows that 



5r (/3, h) = sup i^p^hiQ) - /^"^(Q)] > sup [cI>^,,(Q) - /q-(Q)] = 5<5-(/3, /i; 0), .3 



where the last equality uses that /'^''^ = I™'' on C'^" n 7^ (recall ( |2.18D ). Combining ( |3.23f|3.25[ ), 
we obtain 

S^""(/3, /i; 0+) = 5^"<=(/3, /i; 0) = ^^'(/S, h). (3.26) 



Hence (3.22) indeed extends to 

S^'''{f3,h;g) = S^-'{(3,h;g), 



gem. 



(3.27) 
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Combine (|3.17D, ([3^ and (|3.26H3.27D to get parts (i) and (ii). 



6. In Appendix [A| we will prove that, for every g G (0,oo), w-a.s. there exists a K{u},g) < oo such 
that 

-gmR^^ + ^ls,h{R%)<K{uj,g) VA^gN. (3.28) 



Via (3.15-3.16) this imphes that 5"i"^(/3, /i; 5) < 00 for 5 G (0,oo) 



7. By (3.5), g 1— t- S'^'^^ {/S , h; g) is a supremum of functions that are finite and hnear on M. Hence, 
g I— 7- S'^^^{P, h;g) is lower semi-continuous and convex on M and, being finite on (0, 00), is continu- 
ous on (0,00). Moreover, since mq > 1, it is strictly decreasing on (0,oo) as well. This completes 
the proof of part (iii). I 



Fig. |6] provides a sketch of g ^ S'^"^(/3, h; g) for h) drawn from 92?^"^ and int(P' 



que^ 



respectively, and completes the variational characterization in Theorem 3.1 In Section 3.3 we look 
at /i I— )• S^^^{I3, h] 0) and obtain the picture drawn in Fig. [7[ which is crucial for our analysis. 

5<5^^(/3,/i;0) 




Figure 7: Qualitative picture of h S'q"<=(/3, h; 0) for /3 > 0. 



Remark: A major advantage of the variational formula in (3.8) over the one in (3.5) at 5 = 
is that the supremum runs over C^"^ rather than C^^ n TZ. This will be crucial for the proof of 
Corollaries 1.3 and |1.4| in Sections [5] and [6j respectively. 



Remark: In Section [6] we will show that 

s^-(/3,/ir(^);0) >o. 



(3.29) 



It win turn out that 5<i"^(/3, /i^^"(£); 0) < 00 for some choices of p, but we do not know whether 
it is finite in general. 



3.2 Annealed excess free energy and critical curve 



In order to exploit Theorem 3.1, we need an analogous variational expression for the annealed 



excess free energy defined in (1.16-1.17). This variational expression will serve as a comparison 



object and will be crucial for the proof of Corollaries 1.2-1.4 



Theorem 3.2 Assume (1.2) and (1.6). Fix > 0. 



(i) The annealed excess free energy is given by 

g^-^{l5,h)=M{gG 



S^-^{(3,h;g)<0}, 



(3.30) 
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where 



S^^^{P,h-g)= sup [^p,h{Q)-9mQ-I-^^{Q)]. 



(3.31) 



(ii) The function g i— )• S^^'^ {/3 , h; g) is lower semi- continuous, convex and non-increasing on M, 
infinite on {—oo,g^'^^{f3,h)), and finite, continuous and strictly decreasing on [g^^^ {13 , h) , oo) . 

Proof. Throughout the proof f3,h > are fixed. 

(i) Replacing Zn^'^ by '&{Zn^''^) in (3.12-3.13), we obtain from (3.16) that 



h-g) = hmsup ^ logE (fj^'"''^(<7)) • 

iV-5-oo iV V / 



Using (2.3-2.4), (3.7), (3.10) and (3.13) we compute 



5^'^"(/3,/i;5)=logAA(/3,/i;5) 



(3.32) 



(3.33) 



with 



Je 



is) 



E 



1 

2 



X 1 , . . . , 3; J] 



p{m) v{dxi) X • • • X u{dxm) e~3^ \ {l + e-'^Phm-2p[x^+-+Xm\'^ 

2l3h+M{2l3)' 



gm 



I p{m) e-^- + \ P^"^) ^ 

m6N meN 

= \M{g) + \M{g-[M{2p)-2ph\), 

(3.34) 

where N{g) is the normalization constant in (2.4). The right-hand side of (3.33) has the behavior 
as sketched in Fig.js} It is therefore immediate that (3.30-3.31) is consistent with (1.20), provided 
we have 

S-^%P,h-g) = S--%p,h-g). (3.35) 
To prove this equality we must distinguish three cases. 

(I) giP, h) > 5''"'^(/3, h) = OV [M{2/3) -2(3h]. The proof comes in 2 steps. Note that the right-hand 
side of ( |3.34[ ) is finite. 



1. Note that ^i^^hiQ) defined in (3.6) is a functional of vriQ. Moreover, by (2.5), 

inf _ H{Q I qf^) = h{q \ g,,,) G P(^) 



(3.36) 



with the infimum uniquely attained at Q = 5®^, where the right-hand side denotes the relative 
entropy of q w.r.t. qp^u- (The uniqueness of the minimum is easily deduced from the strict convexity 
of relative entropy on finite cylinders.) Consequently, the variational formula in (3.31) reduces to 



sup 

qSV(E) 
mq<oo, h(q\qp^i^)<CX) 

sup 

ijSP{NxM) 
mg<oo, h(q\qp^iy)<cx) 



^q{dy) [-gT{y) log 0/3,/j(y)] - h{q \ gp,^)| 

_ q{dy) [-gT{y) + log0/3,ft(y)] 
l{dy) 



(3.37) 



„ qidy) log 



qpAdy) 



)} 
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with 4>i3^h{y) defined in (3.7) and ruq = J^q{dy)T{y). 
2. Define ^ 

qpAAdy) = j^^^ f^.g-^ qpAdy) e~^^(^) (P^Mv)^ 



(3.38) 



with J\f{/3,h;g) the normalizing constant in (3.34) (which is finite because g > [M(2/3) — 2/3h]). 



Then the term between braces in the second equaUty of (3.37) can be rewritten as 



\ogM{l3,h;g) - h{q \ q/s,h;g), 



(3.39) 



and so we have two cases: 



(1) if both mqi^^,^ < oo and h{qp fi.g \ < oo, then the supremum in (3.37) has a unique 
maximizer at g = qi3,h;g'-, 

(2) if mqi^f^.g = oo and/or h{qj3^h;g \ Qp,u) = oo, then any maximizing sequence ((?z)/eN with 

< oo and h{qi \ qp^ < oo for all / G N satisfies w — lim/^oo qi = qp^h^g (weak limit). 



In both cases 



5^°'^(/3,/i;<7)=logAA(/3,/i;5), 



(3.40) 



which settles (3.35) in view of (3.33) 



(II) g < [M(2/3) - 2l3h]. It follows from ( |3.33H3.34| ) that S^''l{l3,h, g) = oo. We therefore need to 
show that S^'^'^if], h; g) = oo as well. For L G N, let q^ £ V{E) be defined by 

q^{dxi, . . . ,dxm) = 6mLJ^i3{dxi) X ■ ■ ■ X Uf3{dxm), m G N, xi, . . . ,Xm G M, (3.41) 



where i^^ G V{M) is defined by 



S^-^i(3,h;g) 



S---{/3,h-g) 



oo 



oo 



(3.42) 



S^^\l3,h;g) 



oo 



(1) h < hf^'^ilS) 



(2) h = hT-{(3) 



(3) h > hf^'^ili) 



Figure 8: Qualitative picture of 5 i-> S'^'™(/3, h] g) for /3, /i > 0. Compare with Fig. [6j 
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Put = Then mgt = L, while 



E 0'Qp,u 



logp(L) + Lh{uf3 I I/) 

logp(L) + L / Mdx) log (e-2^--*^(2/3) 

logp(L) - L [2/3E,^(u;i) +M(2/3)] 



(3.43) 



and 



1 + e 



-2/3/iL-2/3[xi+-+x'i] 



= / z/^(dxi) X • • • X up{dxL) log 
>log(i)-L[2/3E,^(a;i) + 2/3/i] . 

It follows that 

$/3,h(Q^) - 5"iQ^ - /"""(Q^) > log(i) + logp(L) + L [M(2/3) - 2/3/i - 5] , 

which tends to infinity as L — )• 00 (use ( |1.6[ ) and let L — )• 00 along the support of /)). 

S^"^(/3,/i;0) 



(3.44) 



(3.45) 




Figure 9: Qualitative picture of ft, S'™(/3, ft; 0) for /3 > 0. Compare with Fig. [t] 



(III) M(2/3) - 2/3/1 < and 5 G [M(2/3) - 2/3/i,0). Repeat the argument in (3.43-3.45) with 
replaced by Qq and keep only the first term in the right-hand side of (3.45). This gives 

$/3,h(Q^) -5"iQ„^ -/'^""(Qo) > log(|) +logp(L) -Lff, (3.46) 

which tends to infinity as L — )• 00 for (7 < 0. I 

Fig. [8] provides a sketch oi g ^ S'^°"(^, /i; 5) for (/3, h) drawn from Z:^'^'^, 92?^™ and int(P^'"'"), 
respectively, and completes the variational characterization in Theorem 3.2 Fig. [9] provides a 
sketch of /i^ 5^°'^(/3,/i;0). 
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3.3 Proof of Theorem O 



Theorems 3.1 and 3.2 complete the proof of part (i) of Theorem |1.1[ From the computations 
carried out in Section 3.2 we also get parts (ii) and (iii) for the annealed model, but to get parts 



(ii) and (iii) for the quenched model we need some further information. 



Theorem 3.1 provides no information on S'^™(/3, /i; 0). We know that, for every /3 > 0, /i i— )• 



S''i™(/3, h; 0) is lower semi-continuous, convex and non-increasing on (0, oo). Indeed, h i— )• 4'p,h{ki 
is continuous, convex and non-increasing for all A; G N and / G M, hence h i— t- ^p^h{Q) is lower 
semi-continuous, convex and non-increasing for every Q G C^'^, and these properties are preserved 
under taking suprema. We know that h i— )• 5'^'^'^(/3, /i; 0) is strictly negative on (h^^^ {j3) ^ co) . In 
Section |6] we prove the following theorem, which corroborates the picture drawn in Fig. [7] and 
completes the proof of parts (ii) and (iii) of Theorem |1.1| for the quenched model. 



Theorem 3.3 For every /3 > 0, 



5^-(^,/i;0) = 5r(/3,/^) 



= oo 
> 
< oo 



for h < h 

for h = /i;^™ 



(/3/a) 
(/3/a) 



(3.47) 



for h > /i^"^(/3/a) 



We close this section with the following remark. The difference between the variational formulas 



in (3.5) (quenched model) and (3.31) (annealed model) is that the supremum in the former runs 
over C^'^ n TZ while the supremum in the latter runs over C^^. Both involve the annealed rate 
function I^^^. However, the restriction to TZ for the quenched model allows us to replace I^^^ by 



jque (^pggg^ii (2.18)). After passing to the limit g ^0, we can remove the restriction to TZ to obtain 



the alternative variational formula for the quenched model given in (3.8). The latter turns out to 
be crucial in Sections [5] and [H 

Note that the two variational formulas for g ^ are different even when a = 1, although in 
that case I^'^^ = I^'^^ (compare Theorems 2.2 and 2.3). For a = 1 the quenched and the annealed 
critical curves coincide, but the free energies do not. 



4 Proof of Corollary 1.2 



Proof The claim is trivial for hT%f3) < h < hf''^{l3) because g'^''%f3,h) = <g^{(3,h). 
Therefore we may assume that < /i< hT^{l3). Since /^"'=(Q) > I^°"(Q), and ( [3^ yield 

Si""(/3,/i;0) < 5^"^'^(/3,/i;0) (4.1) 



which, via (3.4) and (3.30), implies that g'^^^{l3,h) < g^^^{l3,h), a property that is also evident 
from and dLlTj ). To prove that 5^"*=(/3, h) < 5^"'"(/3, /i) for < /i< hT^'iP), we combine pTT ) 
with Figs. [6] and [8} First note that 



S'^'^'ilS, h; 9^'^"(/3, h)) < S^"^(/3, h; g'^^'^'ifi, /i)) < 0, < /i< h^^iP)- 



(4.2) 



Next, for < /i < /ic"''(/3), g ^ S'^'^^{l5,h; g) blows up at 5 = g''^^'^{l5,h) > by jumping from a 
strictly negative value to infinity (see Fig.js]). Since S'^"''(/3, /i; g'^'^'^iP, h)) < 0, and g ^ S'^"''(/3, h; g) 
is strictly decreasing and continuous when finite, the claim is immediate from Theorem |l.l[ ii), 
which says that 5^^^(/3, h; c/^"^(^, h)) = 0. I 
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5 Proof of Corollary [1.3 



Proof. Throughout the proof, a > 1 and /? > are fixed. It foUows from (2.5) and the remark 
made below it that 



(5.1) 



where vri is the projection onto the first word and vri is the projection onto the first letter. Moreover, 

(5.2) 



it follows from (2.11) that 



Since mq = w^^f^Q^^N = m(9f^Q), (5.1-5.2) combine with (3.8) to give 



Sr{P.h)< sup 



TTlq <oo 



_ q{dy) log (/>/3,/i(y) - h{q \ qp^y) - (a - l)mqh{Tritpq \ v) 



where 



and 



l + e 



'2l3hm-2l3[xi+-+x„i] 



qp,u{dy) = p{m)v{dxi) X • • • X v{dxm), 
(7riV'g)(da;) = — V r(m) V g^(£;'=-\ dx, ^ 



m—k\ 



mSN 



k=l 



with the notation 
Let 



/(dy) = r{m)qmidxi, . . .,dxm), y = (xi, . . .,Xm)- 



(ll,h{dy) 



Qp,u{dy)(t)i3,h{y) 



(5.3) 



(5.4) 



(5.5) 



(5.6) 



(5.7) 



with J\f{P,h) the normalizing constant (which equals M{f3,h;0) in (3.34) and is finite for h > 
/i^°'^(/3) = M(2/3)/2/3). Therefore, combining the first two terms in the supremum in (5.3), we 
obtain 

Sr{P,h)<logM{^,h)- inf [%| J + (a-l)m,/i(7riV^, I I/)] . (5.8) 

qev(E) 

mq <oo 

Since A^(/3, /i^°''(/3)) = 1, we have 



Sr (/3, < - mf. Hq I g; ^_(^)) + {a- l)m,/i(^iV', | z.) 



(5.9) 



The first term achieves its minimal value zero at q = qt 



converging to g^^/jann(^)). However, vriV'g*^, 



(or along a minimizing sequence 



HP) 



^1/ + ji^^ / i^, and so we have 



snf3,hrm<o. 



(5.10) 



Since S'^"'^(/3, /ic"*'(/3)) = and h i— )• ST^^{f3,h) is strictly decreasing on (/i^'^"(/3/a), oo), it follows 
that /ir'(/3) < /ir"(/5)- ■ 



We close this section with the following remark. As (2.17) shows, I (Q) depends on qp^u, the 
reference law defined in (2.3). Since the latter depends on the full law p £ V{N) of the excursion 
lengths, it is evident from Theorem |1.1| (iii) and (3.8) that the quenched critical curve is not a 
function of the exponent a in ( |1.6[ ) alone. This supports the statement made in Section 1.5, item 
6. 
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6 Proof of Corollary [1.4 



The proof is immediate from Theorem 3.3 (recall Fig. [T]), which is proved in Sections 6.1 6.3 
6.1 Proof for h > hf'''{f3/a) 



Proof. Recah from (3.15-3.16) and (3.27) that 



1 



S^^%/3,h;g) = limsup^logF^'''''^(<7) 

logAf{g) + lim sup ^ log E; ( exp [N^fs,h{R%)] ) • 



Abbreviate 
and pick 



t=[0,l], h = hf'''{l3t). 



(6.1) 

(6.2) 
(6.3) 



Then the t-th moment of S'^{g) can be estimated as (recall (3.10-3.11)) 



E {[S%{g)Y) = E 



E* exp 



N 



.1=1 



E 



E 



/ ^ 



\i=l 



E 



N 



N 



0<ki<---<kN<oo Ki=l 
( N 



< E 



E 

j,0<A;i<---<A;jv<oo Li=l 

r N 



i=l 



'\ ( N 



1 + e 



N 



0<fci<---<fcjv<oo lj=l 



.i=l 



AT 



2{l-t)N ^ 

0<fci<---<fcjv<oo lvi=l 



\ mm / 



(6.4) 



The inequality uses that (n + v) < u + v for u,v > and t G [0, 1], while the fifth equality uses 
that M{2l3t) - 213th = for the choice of t and h in (recall (|1.2lD). 



Let i^((7) denote the term between round brackets in the last line of (6.4). Then, for every 
e > 0, we have 



1 log 5^(5) > I [logKig) + 6]) = P {[SUg)]' > Kigfe""^) 

<E{[S%ig)]') i^(^7)-^e-^^<e-^^ 



(6.5) 
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Since this bound is summable it follows from the Borel-Cantelli lemma that 



limsup^logS'^(c/) < I log K{g) 



uj — a.s. 



(6.6) 



Combine (6.1-6.2) and (6.6) to obtain 



S'^'^^P^h-g) < \ogM{g) + iy^log2 + ^log ( ^ 

\»neN / 

= 1^ log 2 + 1 log ( e-^*'"p(m)M . 



(6.7) 



We see from (6.7) that 5'5"°(/3, /i^"'^(/3t); c/) < oo for 5 > and t G (0, 1], and also for g = and 



t G (l/a,l], i.e., 5'5"'^(^, /i; 0) < 00 for /i G (/i^'^'^(/3/a), /i^°'^(/3)]. This completes the proof because 
we already know that 5'^"^(;S, /i; 0) < for h G (/i^=""(/3), 00). I 

Note that if J2meNPi^)^^" < "o, then 5'i™(/3, /i^"''(/3/a); 0) < 00. This explains the remark 



made below (3.29). The above argument also shows that S''^™(/3, h;g) < 00 for all /3,h,g > 0, since 



for f3,g > and any h > /i^°"(/3) = M(2/3)/2/3 the fifth equality in (6.4) becomes an inequality for 



any t G (0, 1], while any < /i < /i^''"(/3) equals h = hf^ifit) for some t G (0, 1]. 



6.2 Proof for h < /i^°'^(/3/a) 



Proof. For L G N, define (recah ( |3.42D ) 

qp{dxi, . . . ,Xm) = SmLVj^iaidxi) x • • • x vpi^{dxm), m G N, xi, . . . ,Xm G 

and 



We will show that 



h < K'''{l5/a) 



1 



lim^inf - [l>/3,h(Q^) - /^"'=(g^)] > 0, 



which will imply the claim because G C'^'^. (Recall (3.3) and note that both ttiql 



P'^°(Q^) = /i(gi' I qp^^) = -logp(L) + /i(zy^/„ I vp) are finite. 
We have (recaU ([3^ and (IsItJ)) 



(6.8) 
(6.9) 

(6.10) 
L and 



^p,h{QV = L (dy) log (t>p,h{y), 



H{Qi3 I Qp^u . 



L I 



(6.11) 
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Dropping the 1 in front of the exponential in (3.7), we obtain (similarly as in (3.43 -3.45)) 

>log(|)+ fq^pidy) log 
JE 



-2l3hT{y)-2l3a{y) 



•Xdy) 



log(i)+ / u'^Hdxu...,dxL)log 

log(^)+ / V®Udxi,...,dXL) log 



^^^'^^-'^'^'%{x.,...,x,)p{L) 
dv„i 



= log(i) + [M(2/3) - 2/3/1] L - h{vp/^ \vp)L + logp(L). 
Furthermore, from (6.8) we have (recall ( |2.11 )) 



which gives 



(a - 1) H{^QL I z.^^) = (a - 1) L /i(z/^/„ | i^). 



(6.12) 
(6.13) 
(6.14) 



Combining (6.12-6.14), recalling (2.16-2.17) and using that limi^oo L'^ "^og p{L) = by ( |L6| ) 
when L — 7- oo along the support of /3, we arrive at 



hminf \ [^p^hiQ'p) - /''"'(Q^)] > [M(2/3) - 2/3/i] - h{up,^ \ vp) - [a - I) h{up,^ \ u) 

Li — ^OO J_j 



aM{f)-2(3h = 2l3 [hnf3/a)-h], 



(6.15) 



where the first equality uses the relation (recall (1.21) and (3.42)) 

h{i^p/a I ^13) + (a - 1) h{up/a I u) 



Vpla{dl) 



2/3 



l-M{^) +[2/3/ + M(2/3)] + (a-l) -f/-M(f) ) (6.16) 



2/3, 



'2/3> 



= M(2^)-aM(2^). 
Note that ( |6.15D proves ( |6.10[ ). 



6.3 Proof for /i = /i^'^°(/3/a) 



Proof. Our starting point is (3.8), where (recall Theorem 2.3) 

/q-(Q) = /fi-(Q) = F(Q I <7®^) + (a - 1) mQ //(v&q | i.®^). 
The proof comes in 4 steps. 

1. As shown in Birkner, Greven and den Hollander [3], Equation (1.32), 

H{Q\qf^)=mQH{-^Q\v'^^) + R{Q), 



QeC 



fin 



(6.17) 



(6.18) 
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where R{Q) > is the "specific relative entropy w.r.t. of the word length process under Q 



conditional on the concatenation". Combining (6.17-6.18), we have I'^^'^{Q) < aH{Q \ qf^^ 



which yields 



Sril3,h)> sup [^p,H{Q)-aH{Q\qf^) 



(6.19) 



(I) of Section 3.2 Indeed, 



2. The variational formula in the right-hand side of (6.19) can be computed similarly as in part 

(6.20) 



r.h.s. (6.19) 



sup 

qev(E) 



Define 



Ql3,h(.dy) 



1 



_ q{dy) log (/>/3,h(y) - ah{q\ qp^u) 



,,(y)]i/"9p,.(dy). 



(6.21) 



AA(/3,/i) 

where N{(3,h) is the normalizing constant. Then the term between square brackets in the right- 
hand side of (6.20) equals a logA/'(/3, /i) — ah{q \ qp^h), and hence 

Sn(3,h)>alogM{(3,h), (6.22) 

provided M{(3, /i) < oo so that q^s^h is well-defined. 

3. Abbreviate p = 2/3/a. Since hf''{l5/a) = M{p,)/fi, we have 

AA(/3,/i^^°(/3/a)) = / ^(d^i) x ••• x ''i^m) {5 (^l + e-"(^^('^)"'+'^[^i+-+^'"])) }^^" . 

(6.23) 

Let Z be the random variable on (0, 00) whose law P is equal to the law of ^-i^M^^+i^l^'^^ hxm]) 
under p{m) v{dxi) x • • • x v{xm)- Let 

/„(z) = {i(l + z")}V", ^>0. (6.24) 

Then 

r.h.s. ( [6l23l ) = E{fa{Z)). (6.25) 
We have E[Z) = 1. Moreover, an easy computation gives 



(6.26) 



so that fa is strictly convex. Therefore, by Jensen's inquality and the fact that P is not a point 
mass, we have 

E{fa{Z)) > fa{E{Z)) = Ul) = 1. (6.27) 



Combining (6.22-6.25) and (6.27), we arrive at 



(6.28) 



which proves the claim. 

4. It remains to check that 7V(/3, /i^°'^(/3/a)) < 00. But /^(z) < il^^^il + z), z > 0, and so we 
have 

hl'''\p/a)) < (^)^/"(l + E{Z)) < 2i-(i/") < 00. (6.29) 
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7 Proof of Corollary [1.5 



Proof. The proof comes in 6 Steps. In Steps 1-3 we give the proof for the case where the disorder 
u is standard Gaussian and the excursion length distribution p satisfies p{k) ~ Ak~°' as fc — )• cxd 
for some < A < oo and 1 < a < 2. In Steps 4-6 we explain how to extend the proof to arbitrary 



uj and p satisfying (1.2) and (1.6) 



1. Our starting point is (6.22) with 



Xi) X ■ ■ ■ X u 



h)=y] Pirn) [ v{d. 

meN •^'^'^ 



{dx,,,)[\ { 1 + e-2/3/xm-2/3(xi+...+x„) 



1/a 



1 + e 



-2/5hm-2/5l 



1/a 



(7.1) 



where u®"^ is a m-fold convolution of u. Pick h = BP /a with B > 1, introduce the variables 



(7.2) 



and write out 



^^g-2B(/32/")m-2/3i^|^/" 



M{P,Bp/a) = ^ p(m) 1 N{0,m){dl) |i 

meN ■^'■'^^ 

V p{y{a/pf) [ iV(0,l)(dx)|i(l + e-"[2S^+2V2;-])| 



1/a 



(7.3) 



j/e(;S/Q)2N 

p(y(a//3)2)i^,,B(/a(^)), 



yeW/a)^N 

where A^(0, k) is the Gaussian distribution with mean and variance k, fa is the function defined 



in (6.24), and Z is the random variable 

Z = e-2B2/-2v^x ^j^j^ ^ standard Gaussian, 

whose law we denote by Py,B- Substract 1 to obtain 

AA(/3, B/3/a) - 1 = Yl [i^,,B(/a(^)) - 1] • 

ye(/3/a)2N 



(7.4) 



(7.5) 



2. Suppose that /9(m) ~ Am " as m — )• oo for some < j4 < oo and 1 < a < 2. Then, letting 
/3 I in (7.5), we obtain 



lim 

m 



1 A r°° 

^^^[M{P,Bl3/a) - 1] = dyy-^[Ey,B{fa{Z)) - 1]. (7.6) 



Here, we note that the integral converges near y = because a < 2 and Ey^sifaiZ)) — 1 = 0{y) 
as y I 0, and also converges near y = oo because a > 1 and Ey^sifaiZ)) < 2^/"(l + Ey^siZ)) < 
2V"(i + Ey^i{Z)) = 2i-(^/") < oo. Next, abbreviate 



/•oo 

UB) = / dyy-'^iEy^BUaiZ))-!]. 
Jo 



(7.7) 
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li B = 1, then the integrand is strictly positive, because z i— )• faiz) is strictly convex and Ey^i{Z) = 
1 for all y, so that Ey^i{fa{Z)) > fa{Ey^i{Z)) = /q.(1) = 1 by Jensen's inequality. Thus, we 
have Ia{l) > 0. However, B t-)- Ia{B) is strictly decreasing and continuous on [l,oo), because 
z ^ faiz) is strictly increasing and continuous on [0, oo). Hence there exists a B{a) > 1 such that 
Ia{B{a)) = 0. 

3. The estimate in Step 2 implies that M{f3, Bf3/a) > 1 for any B G (1, B{a)) and /3 small enough. 
Since h i— )■ S^^^{f3,h) is non-increasing and /ic"'^(/3)) = 0, it therefore follows from (6.22) 

that hc^'^{(3) > Bf3/a for any B G {l,B{a)) and (3 small enough, which yields 



liminf/i^^'^f/S)//? > B(a)/a 



(7.8) 



andh proves the first half of the lower bound in Corollary 1.5 



4. If the disorder is not standard Gaussian, then the same scaling as in (7.6) holds because the 
disorder satisfies the central limit theorem (recall that we have assumed that the disorder has 
zero mean and unit variance). The finiteness of the moment generating function assumed in (1.2) 
suffices to justify this claim. If the excursion length distribution is modulated by a slowly varying 
function L, as in (1.13), then we can use the fact that L(?/(a//3)^) ~ L(l//3^) as /3 ^ uniformly 
in y on compact subsets of (0,oo) (Bingham, Golide and Teugels |T], Theorem 1.2.1, and all that 
changes is that the left-hand side of (7.6) must be divided by an extra factor L(l//3^). We need 
that p is asymptotically periodic in order to get the integral over y w.r.t. the Lebesgue measure 
dy (modulo a factor 1 over the period, which comes in front and therefore is irrelevant). 



5. We next turn to the case a > 2. For y 10, 

^-2By-2^x _ 1 = ^ (_2X) + y {-2B + 2X2) ^ o{y^/^) 



while for z — )• 1, 



Uz) = 1 + i(z - 1) + |(q - l)(z - 1)2 + Oiiz - If). 



(7.9) 



(7.10) 



Combining these expansions with the observation that X has zero mean and unit variance, we find 
that for y i 0, 

EyMUZ)) = 1 + y [i(l + a) - 5] + 0(y3/2). 



(7.11) 



Since Ey^sifaiZ)) is bounded from above, it follows from (7.11) that if B < ^(1 + a) and 



lim 



Ej;G(/3/a)2N,J/<.yP(y(«//5)^) 







Ve > 0, 



(7.12) 



then the behavior of the sum in (|7.5|) for /3 ^ is dominated by the small values of y, i.e., 

yp{y{a/(3)^), 



Mil3,B(3/a) 



l~[^(l + «) 
= [i(l + a) 



ye{l3/ay^n,y<e 

B] (filaf 



E 

meN,m<e(a//3)2 



mp{m) 



Ve > 0. 



(7.13) 



The condition in (7.13) is equivalent to 



lim 



mA^^ Ei<m<M mp{m) 



(7.14) 
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Clearly, the condition in (7.14) is satisfied when nip = J2men^P(^) < °^ (because the numerator 



tends to zero and the denominator tends to mp), in which case ( 7.13| ) yields 



1] 



l + a)-B] 



a 



2 "^P- 



(7.15) 



As in Step 3, it therefore follows that hc^^{f3) > Bj3/a for any B < |(1 + q) and j3 small enough, 
which yields 

(7.16) 



liminf/i^'^^(/3)//3 > 

/94-0 



l+a 
2a 



and proves the second half of the lower bound in Corollary 1.5 when nip < oo. It remains 



to check (7.14) when nip = oo and p is regularly varying at infinity. Since a > 2, this cor- 
responds to the case where p{m) = m~'^L{m) along the (asymptotically periodic) support of 



p with L slowly varying at infinity and not decaying too fast. Now, by [T], Theorem 1.5.10, 



we have Em>Af/'("^) = E 



m>M 



m 



M ^L(M), and so the numerator of (7.14) is 



~ L{M). On the other hand, for every < 5 < 1 the denominator is bounded from below 
by T.5M<m<M mp{m) = T.5M<m<M "l"^^("l) ~ L{M) EsAKmKM ~ ^i^) log(l/(5), and so 
(|7.14) follows by first letting M — ?■ oo and then letting (5 J, 0. 



6. As in Step 4, the argument in Step 5 extends to arbitrary disorder subject to (1.2). 



8 Proof of Corollaries 11.61 and 11.71 



Corollaries 1.6 and 1.7 are proved in Sections 8.1 and|8.2[ respectively. 



8.1 Proof of Corollary 1.6 



Proof. Fix (/3, h) G int(pi"^). We know that 5^"^(/3, /i; 0) < (recall Fig. Q and J2n(^n 



fS,h,ui 



< 

OO. It follows from (3.16) and (3.27) that for every e > and u-a.s. there exists an A^o = Ao(w, e) < 
oo such that 

F^'^'-(O) < e^I^''""(/^''''0)+^l, N > No. (8.1) 

For E an arbitrary event, write Zn^'^{E) to denote the constrained partition restricted to E. 
Estimate, for M e N and e small enough such that 5^"'^(/3, /i; 0) + e < 0, 

^f'^'-(A^„ >M) = ^" "l-^" ^ < i:„eN^/^'''"(-^n > M) 



yl3,h,ui 



— Tf 



I3,h,u) 



(S,h,uj 
N 



(0)< 



N>M 



2 gM[Si"«(/3,/i;0)+e] 

^ 1 _ e[s^-H^,h-fi)+e] ' 



where the second equality follows from (3.11-3.13). The second inequality follows from (8.1) and 
the bound Zn^''^ > hp{n), the latter being immediate from ( 1.15 ) and the fact that every excursion 



has probability ^ of lying below the interface. Since p{n) = n we get the claim by choosing 

M = [clog n] with c such that a + c[S^'^'^{l3, h; 0) + e] < 0, and letting n — ;> oo followed by e | 0. I 
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8.2 Proof of Corollary [TY 



Proof. Fix (/3,/i) We know that g'^''%f3,h) > and 5'^'^^(/3, /i; /i)) = 0. It follows 

from (3.16) and (3.27) that for every e,5 > and w-a.s. there exist no = no{uj,e) < oo and 
Mo = Mo{uj, 6) < oo such that 

/l) + <5) < eM[S-^(/3,h;3-°(/3,^)+5)+52]^ ^ > ^^^^ (8.3) 

For every Mi , M2 G N with Mi < M2 we have 



V^'^''^{Mi <Mn< M2) 



l3,h,uj I 



Below we show that the probabilities in the right-hand side of (8.4) vanish as n 
Ml = \cin\ with ci < C_ and M2 = [c2n] with C2 > C+, respectively, where 

5^-(/3,/i;<7^-(/3,/i)), 



(8.4) 
00 when 



1 


i- 


'cZ ~ 


\dg 


1 


i- 




\dg 



(8.5) 



are the left-derivative and right-derivative of g 1— t- S'^^'^{(3,h] g) at g = g"^^"^ {f3 , h) , which exist by 
convexity, are strictly negative (recall Fig. [6]) and satisfy C_ < C+. Throughout the proof we 
assume that Mi > AIq. 



1. Put M2 = [c2n], and abbreviate 

a{/3, h, 6) = 5^-(/3, h; g^^%P, h) + 6) + 5\ 
where we choose 5 small enough such that a(/3, h,5) < (recall Fig. [?]). Estimate 

Z^''^''^ {Mn > M2) 



(8.6) 



'^'-(A^„ > M2) 



ZI3,h,Lu 
n 



< e'^I^+'^l Z^'^'- {Mn > M2) e-"[^'''"^(''''^)+^l 



n'eF 



^ Fj^''^'-(5^-(/3,/i) + 5) 



(8.7) 



N>M2 
^n[e+S+C2a{l3 ,h,S)] 



1 



pa(/3,/i,(5) 



The first inequality follows from the first line in (8.3), the second equality from (3.11-3.13), and 
the third inequality from (8.3). The claim follows by picking C2 such that 

e + 6 + C2a{l3,h,5) <0, (8.8) 
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letting n — )• oo followed by e | and 5 | 0, and using that 



510 



d_ 
dg 



1 1 



.9) 



2. Put Afi = [cin] and abbreviate 

6) = 5^-(/3, /i; 5^-(/3, h) - 6) + 5\ 
where we choose 6 small enough such that h, 5) > 0. Split 

V^'^'^^iMn < Ml) = 1 + 11 

with 



^ ^ i.^'^'" (.Mn < Mo) ^ Z^'"-" (Mo < Mn < Ml) 



n 



ZI3,h,oj 
n 



(8.10) 



^.11) 



^.12) 



Since 



iV<Mo 



this term is harmless as n — )• oo (recal (3.28)). Repeat the arguments leading to (8.7), to estimate 
II < e'^I^-^l ^ Zf;'^'" (Mo < Mn' < Ml) e-"'[^''""(/^''^)-'51 



n'eN 



^ F^''^'^(g^-(/3,/i)-<^) 



Mo<iV<Mi 



,Nb(l3,h,5) 



Afo<iV<Mi 

< gn[e-5+ci6(/3,h,5)] ^ ^[N-MiW,h,S) 



N<Ah 



,n[e-5+cib{l3,h,5)] 



< 



1 _ e-KPAS) ■ 
Therefore the assertion follows by choosing ci such that 

e-6 + cib{p,h,6) < 0, 
letting n — )■ oo followed by e J, and (5 | 0, and using that 



lim - b{(3,h,S) 
510 



^.14) 



^.15) 



^.16) 



Recalling (8.4), we have now proved that 



lim Pf''^''^([cin] <Mn< \c2n\) = 1 Vci < C7_, ca > C4 



Finally, if (1.32) holds, then = C+, and we get the law of large numbers in (1.31). 



^.17) 
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A Control of $ 



In Appendix |A.l we prove the bound in (3.28) (Lemma A.l below). In Appendix |A.2 



we prove 



that h{TTiQ\qp^y) < oo implies that ^fi^hiQ) < co for all (3,h > (Lemma A. 2 below). In both 
proofs we make use of a concentration of measure estimate for the disorder uj whose proof is given 
in Appendix [P} 

A.l Proof of cj-a.s. boundedness of —gmji-^ + $^ ;i(i?5v) for g > 



Recah the definition of R% in (3.14) 



Lemma A.l Fix I3,h,g > 0. Then u-a.s. there exists a K{uj,g) < oo such that, for all N & N 
and for all sequences = fco < fci < • • • < /cat < oo, 



N 



gkN + Y,log ij'^^^{{ki-uki]) <K{u,g)N. 



(A.l) 



i=l 



Proof The proof comes in 3 steps. Throughout the proof (3,h,g > are fixed. 
1. For / G N and m £ Z, define 



J^il,m) 



llcN: \I\=l,m<-2(3^{ojk + h) <m + l\ , 
I fce/ J 



and 



J-(m) = U J-(/,m), 



rj^(/,m) = inf {n > r/_i(/,m) + /l|j>i}: (n, n + /] n N G J"(/, m)}, j G N, 



(A.2) 



and 



A{m) = {w : Tj^(/, m) < jva^ for some j, I G N| . 

Below we will show that 

oo. 

meNo 

By Borel-Cantelli, this implies that oj-a.s. there exists an M{uj) < oo such that uj ^ A{m) 
m > M{uj). 

2. Abbreviate li = (ki, fcj+i] and split 



(A.3) 

(A.4) 

(A.5) 
for all 



N 



1=1 



with 



N 



N 



(A.6) 



(A.7) 



i=l 



i=l 
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where 



Bi = {oj: li £ J'^^m) for some < m < M{uj)}, 
Ci = {to: li £ J'^{m) for some m > M{u)}. 



(Ai 



The inequahty in (A.6) comes from dropping the contribution of the /j's in U^g2\p}Qj(m) (for 
which log'i/'^^(/j) < A [— 2/3 ^^gj. (wfc + h)] = 0) and retaining only the Ij's in Um&NoJ'^i''^)- 
Clearly, we have 

I < N[M{uj) + 1]. (A.9) 



To bound II, define 
Then 



/^(m) = {l<i<N: he r{m)]. 



11= J2 E logV'^,/.U.) < E \mm)\{m+l). 

m>M{u}) i^I"^ (m) m>M (oj) 



(A.IO) 
(A.ll) 



It follows from (A.3-A.4) and (A.IO) that if I'}^{m) / and m > M{u}), then > l-^^^J-MI m*. 



Hence 



kN > max |/^(m)|m^ 

m>M(a;) 



ni 



> J2 \mm)\Cm' 

m>M(aj) 



m 



(A.12) 



with C = l/^fn(=fqm ^ > 0. Combining (A.ll -A.12), we get 

-gkN + n< \lN{m)\[-gCn? + {m+l)]. 

m>M{ui) 



(A.13) 



Since g > 0,we have maXmgN[— gfCm^ + (m + 1)] = C{g) < 1 + (1/4(7(7) < oo. Since X^^ez l-^7v("^)l 
= A'^, we can combine (A.6), (A.9) and (A.13) to get the claim in (A.l) with K{uj,g) = AI(u)) + 
1 + C{g). 



3. It remains to prove (A.5). Estimate 



(A.14) 



and 



P(r/(Z,m) < jm^) < (^^"J 



< 



em 



E^^ 



< 



lh + 



m 



(A.15) 



By our concentration of measure estimate in Lemma 
exists a C > (depending on /3, h; see (D.6-D.8)) sue 

/ I 



D.l 



with n = /, j4 = ^ and B = h, there 



1 that 

< g-C(i+m)_ 



(A.16) 
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Combine (A. 14 -A. 16), and pick mo large enough so that em^e '^'^/^ < i for all m > tuq, to get 

m>mo m>mo ieN jeN 



This proves the claim in (A.5) 



A. 2 Condition for finiteness of ^^^hiQ) 

Lemma A. 2 Fix P,h>0, pe P(N) and v G P(M). Then, for all Q e V'"'^'^^' 

->0,7>f 



with h{TriQ\qp^i 

< oo, there are finite constants C > 0, 7 > ^ and K = K(I3, h, p, u, 7) such that 



Proof. Abbreviate 



f{y) = ^P^{y), u{y) = -2f3[T{y)h + a{y)], y 



Fix 7 > 2/3/C, with C > as in ( |D.8[ ), and for n, m G N define 

Ao,n = {y G 

Note that 



m-1 < 7log/(y) < m}, 

0</(y)<l}, 

m — 1 < u{y) < m}. 



and that 



= Ao,n U [U^eN^m.n] , n G N, 

Bn = U Bm,n, n G N, 

meN 

is the set of points y G M" for which u{y) > 0. This gives rise to the decomposition 



{^iQ){dy) 



[ log(lVe«(^))KQ)(dy) 
= J212 u{y)f{y)qp^u{dy) 



neNmeN 
= 1 + 11 + 111 



with 



/ 
// 
/// 



u{y)f{y)qp^y{dy) 
X] 2Z / u{y)f{y)qp^^{dy), 



u{y) f{y)qp,v{dy). 



(A.18) 



(A.19) 



(A.20) 

(A.21) 
(A.22) 



(A.23) 



(A.24) 
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The terms / and // deal with the set Bn H \JmeN ^rn,n, while III deals with the set Bn n Ao,n- 
Note that 

neN meN ieNo 

m< E'^(") E"^^(^™.-)' 

neN meN 

where we recall that P = u^^. The upper bound on / uses that f < e"^'^ on Am,n and n < m on 
Bm,n- The upper bound on /// uses that / < 1 on ylo,n and u < m on Bm,n- We need to show 



that each of the three terms is finite. Observe from (A. 25) that /// < /. Hence it suffices to show 
that / and II are finite. 



/: Estimate 



/ < E /'(^) E ^""^^ E ("^ + ^) ^(Bm+l, 



neN meN 

< E/'H E ^"^^ E(^ + "^)^ ( E^'^' ^ 

neN meN /eNo \fc=l 

< E Pi^) e"^" E ^""^^ E + 

neN meN ieNo 



nh + 



I + m — 1 



2/3 



(A.26) 



C{l + m-l) 



2/3 



< oo, 



where the third inequality follows from Lemma 
on P,h; see ( |dI6HO| )). 



D.l 



with A 



l+m-l 
2/3 ■ 



B = h and C > (depending 



//: Use that u{y) < m — 1 < ^logf{y) for y G Am,n H [U^^-^^-B/^^], to estimate 

neN meN 



neN meN -4™."ri[U™ j 



neN meN 



f{y)^ogf{y)qp,uidy) 



(A.27) 



f{y)'^ogf{y)qp^^{dy) < oo. 



The finiteness of the last term stems from the fact that 

K'^iQ\qp,u) = E / -^(^^ -^(y) QpAdy) + E 



f{y)logf{y)qp,,{dy) (A.28) 



is assumed to be finite, while the second term in the right-hand side of (A.28) lies in [— 1/e, 0]. 



B Application of Varadhan's lemma 



This appendix settles (3.20) for P,h > and g > 0. 



Lemma B.l For all /3,h > and g > 0, 



S^'^^P, h; g) = sup [<^^,h{Q) - yrriQ - /^""(Q)] 



(B.l) 



where S"^^"^ {l3 , h; g) is the oj-a.s. constant limit defined in (3.16). 
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Proof. Throughout the proof, (3,h > and g > a re fixed. No te th at, since h{'iriQ \ qp^y) < 
H{Q\qf^) = /'^'^"(Q) < oo, it follows from (Is^elQ and Lemma IA^I that <^fs,h{Q) is finite on 
Cfi'^ = {Qe : /^"-^(Q) < oo, mg < oo}. 

Lower bound: Because ^p^h is lower semi-continuous on and finite on C^^, the set 

A, = {Q' G pi-(^r^) : ci>^,,(Q') > cD^,,(Q) - e} (B.2) 



is open for every Q G and e > 0. Fix Q G n TZ and e > 0, and use (3.15-3.16) to estimate 

h; g) = \ogM{g) + limsup ^ log E; (e^*''-'^^^^)' 



(B.3) 



> logAA(5) + liminf llogi^*(e^*''.'^(^^) 



1 



> logAA(r7) + inf ^p.hiQ') + liminf - logP;(A 
>logAA(5)+ inf inf C'(Q') 

>logAA(5) + <I>^,/.(Q)-/f^(Q)-e, 
where in the third inequality we use t : 



/^'^"(Q) for Q G 7^ by Theorem 



2.3 



the quenched LDP in Theorem 2.3 Next, note that Ig"^{Q) = 
"and I^'^'^iQ) = I^'^'^iQ) + logAA(g) + gmg for Q G C^" by 
Lemma 2.1 Insert these identities, take the supremum over Q GC^'^nn and let e i 0, to arrive 
at the desired lower bound. 

Upper bound: The proof of the upper bound uses a truncation argument and comes in 4 steps. 



1. Abbreviate xiu) = log (/>/3^/i(y). For M > 0, let (compare with (3.6-3.7)) 

^f,hiQ)= L{^iQ){dy)[x{y)AM], 



^^iQ) = L{T'iQ){dy)x{y)\x(y)>M}- 



(B.4) 



Since (pj^^h >\,Q^ is bounded and continuous. Our goal will be to compare S'^^'^{j3, h; g) 

with its truncated analogue (compare with (3.15-3.16)) 

^r(/5>^;5) = logAA(5) + limsup^logi?,*(e^*"''(^^)), M > 0, (B.5) 



and afterwards let M — )■ oo. 
2. Note that 

$^,,(Q)-$^,(Q)<<,(Q). (B.6) 

Therefore, for any g > and any — oo <q<0<p<l with p^^ + q~^ = 1, the reverse of Holder's 
inequality gives 



i/p 



1/9 



(B.7) 



1/9 



AA(5) 



'N/q 
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where the equahty uses (2.4), and 

N 

N^fA^N) = N l{TTiR%){dy) x{y) l{x{y)>M} = hx{y^)>M}^ 
■^^ i=i 

N 



(B.8) 



We next claim that w-a.s. there exists an M'{uj) < oo, depending on f3, h, g and p, such that 

<1 yM>M'{uj). (B.9) 



Indeed, {xiVi) > M} = {—2(3 Ylk^ui^k + h) > log(2e^^ — 1)}, and so we can repeat the argument 
in the proof of Lemma A.l , restricting the estimates to m- values with m > log(2e^^ ~ !)• Clearly, 



there exists an Mq < oo such that —[g/{—q)]Cm'^ + (m + 1) < for m > Mq. Therefore the 
claim in dROj) follows for any M'{uj) such that log(2e*^'('^) - 1) > Mq V M(a;) with M(a;) defined 



below (A. 5). With this choice of M'(a;), the term I in (A. 6) is absent, and we can estimate 
^BhiRN) - ia/i-q)] ruR^^ < as in (|A.10f|A.13|). 



3. We next apply Varadhan's lemma to (B.5) using Theorem 
and continuous on This gives 



2.3 



and the fact that ^^'^^^ is bounded 



sup [a>*f,(Q)-I,^-(Q)] 

= sup[cI>^f,(Q)-<7mQ-r-(Q)] 
Qe7^ 

= sup [cI>^yg)-gmQ-P-(Q)] 
Qecfl" n7^ 

< sup [^p^^[Q)-gmQ-I^-^-^m 



(B.IO) 



= 5^-(/3,/i;5), 

where the second equality uses (2.10) and ( |2.15 ), and the third equality uses that ^fj^ < M < oo 



a/ 



(B.5 


) and ( 


B.7 


B.IO 



N ^ oo followed by M — >■ oo, we get 

-logAA(g) +limsup47log^* feP^*''-^^-^'?^)') < 5^""(/3, /i; 5). 



iV-5-oo 



(B.ll) 



4. It remains to show that the left-hand side of (B.ll) tends to 5'^^'^(/3, h\ g) as p t 1- Define 

S^'^ip) = limsup ^ logs* ( eP^*/3.ft(^^^)) , p>0. (B.12) 

Clearly, p 1— )• S^'^{p) is non-decreasing and convex on (0,oo). Moreover, 

^^''^(r.x! ^•^'"'"(1) for (0,1], 



(B.13) 
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The first line follows from Jensen's inequality, the second line from the fact that p^beta,h ^ ^pi3,h 
for p S [1,00) (recall ( |3.7| )). We know from the remark made at the end of Section |6.1| that 
S^'^{1) = S'^"^(/3,/i;ff) - logJ\f{g) < 00 because g > 0. Therefore p ^ Sl^^^{p) is finite on (0,oo) 
and, by convexity, is continuous on (0, 00). I 



C Continuity at (/ = 



In this appendix we prove (3.23). The key is the following proposition relating the two quenched 



LDP's in Theorem 2.3 Recah (2.12-2.14), and abbreviate 7^'^'^ = {Q elZ: mq < 00}. 



Proposition C.l Suppose that E is finite. Then for every Q G 'P"'^^(E^) there exists a sequence 
(Qn) in 7^^° such that lim^^oo /''''"(Qn) = /'^""(Q). 

Proof. The proof is not self-contained, because it uses the approximation argument in Birkner, 
Greven and den Hollander [3] , Sections 3-4 (this argument was also exploited in Cheliotis and den 
Hollander [13], Appendix B). For simplicity we pretend that the support of p is N. The proof is 
easily extended to p with infinite support. 

1. We first assume that Q G p^rg.fin^^N) ^^^^i 

perg,fin(^N) = |Q g pmv(^N) . g g^godic, mQ < Oo}. (C.l) 

For M G N and ei > 0, choose 

A = {za: a = l,...,A}cE^\ B = {(^''^ : b = 1, . . . , B} = k{A), (C.2) 

as in p], Equations (3.5-3.6), satisfying also [3], Equation (4.2-4.3) for a small neighbourhood of 
Q. Each element ol B <Z E consists of approximately L = Mmq letters (for simplicity we pretend 
that each b £ B has precisely L letters). Cut X into L-blocks, and let 

l{an element of B appears in } ' (^•^) 

Note that {Gj) are i.i.d. Bernoulli(p) random variables with 

p = p(M,ei) = exp[-M//(^'Q I i/®^)[l + o(l)]], M ^ 00, eii 0. (C.4) 

Therefore 

ai = mm{j G N: Gj = 1} (C.5) 

is geometrically distributed with success probability p. Put Yi = «;(X|(o,(o-i-i)L]) (and make a 
trivial modification when o"i = 1 to avoid an empty word later on). Given ^|(((ji-i)l,(7iL] = C*^**^ S 
B, let 

{Y2, . . . ,Ym+i) = Za (C.6) 

be a suitably drawn random element of A (a is drawn uniformly from {a': K{za') = C^*^})- Re- 
peating this construction, we obtain a random sequence Y = [Yj] in E^. Denote the law of this 
random sequence by Qm,^^- Note that, by construction, k,{Y) = X, so that QM,ei S T^, and that 
the consecutive (M + l)-blocks 

(^(fc-i)(M+i)+ii • • • 1 ^fc(M+i))feeN (C.7) 
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form an i.i.d. sequence (in particular, QM,ti is mixing and has finite mean word lenghts). Further- 
more, Yi and {Y2, . . . ,Ym+i) are independent. Let QM,ei be the shift-invariant version of QM,ei 
obtained by randomizing the position of the origin. Then 



By construction, Qm^^i — ^ Q weakly as M — )• cx) and ei | 0. 
2. It remains to check that 

Since QM,ei is the shift-invariant mean of QM,ei, we have 



(C.8) 



(C.9) 



HiQM,e, I qf!^) = H{QM,e, \ % 



p,l/ J 



1 



M + 1 



h{C{Yi) I g,,,) + h{C{Y2, . . .,Ym+i) I qf,ff) 



(C.IO) 

where the second equality uses the special block structure of Qm,€i ■ By construction, we have 



h{£{Y2, . . .,Ym+i) I ) G MH{Q* I g®^) + (-4eiM,4eiM) 
(see [3], Equations (3.6) and (3.8)). Furthermore, 

h{C{Yi) I qp,,) G M(a- l)i/(*Q | z.®^) + (-5M,5M), 
where 5 J, as ei J, 0. To see why the latter holds, note that 



(C.ll) 



(C.12) 



h{C{Y,) I q,,^) =J2 E 



Pii-pYUk=i''(xk 



t = Xl,...,Xf.j;^eE 

no L-block from 13 



log 



'p{i-pY^^ 



tL 



t=0 a:i,...,a:t^6B fc = l 

no L-block from S 



P 

p{tL) 



Ep(1 -P)* log 



t=o 



P 

p{tL) 



(C.13) 



logp-f;p(l-p)*log(.L)i^^(^ 
^ log(tL) 



\ogp + a[l + o(l)] ^^'(l ~ ^')* log(*-^)' i ^ oo. 



t=0 



Finally, note that logL = log(MmQ) = O(logM) = o(M) as M — > oo and 

Ep(1 -p)*logt = -logp + E?'(l ~^')* ^OS^*^') = + / e"^ logy + 0(1), piO, 

(C.14) 

where the integral equals minus Euler's constant. Since — logp G MH{^q \ i^®^) + [—5M,5M], 
( C.13[|C.14[ ) conibine to yield ( |C.12[ ). Clearly, ( |C.10HC.12[ ) imply ([OgJ), which completes the proof 

for Q G p<=rg,fin(^N)^ 
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3. If Q G pmv^^N-j -g gj.gQ(jic -^ii^ij = ^l^gn approximate Q by[(5]tr (recall (2.12)), 
approximate each [Q]tr from inside TZ^'^ as above, and then diagonalize the approximation scheme. 
This yields the claim because [Q]tT Q weakly and I^''^^ {[Q]tr) I^"^(Q) as tr — oo (recall 
(2.19)). Finally, if Q G T^m^^^N^ ^^^^ ergodic, then we first approximate its ergodic decomposition 
by a finite sum and afterwards approximate each summand as above (similarly as in [2J, proof of 
Proposition 2, and [3], proof of Proposition 4.1). I 



We are now ready to prove (3.23). 



• 1st inequality: In (3.5) we defined 



sup [<^^,HiQ)-gniQ-p--iQ)]. 



As shown in Appendix [B] (recall ( 3.20[ )), 

5^-(/?,/i;5) = S'i-(/3,/i;g) > 0. 

Let (Qn) be any sequence in C^" fl TZ such that 

^p,h{Qn) - r-'^'^iQu) > s^"'=(/3, h- 0) - 



By choosing g = gn = l/nmax{mQj, . . . , mq^} in (C.15-C.16), we get 



S^-'{P,h;gr,)>S^-'{(3,h;0)-l 
which yields 5'i"'^(^, h; 0+) > 5'i^°(/3, h; 0) after letting n-^oo. 
• 2nd inequality: Recall that E = R. For M G N, let 

Dm = {- M, -M + 1/M,...,M -1/M,M} 



(C.15) 



(C.16) 



(C.17) 



(C.18) 



(C.19) 



be the grid of spacing 1/M in [—M,M], which serves as a finite set of letters approximating E. 
Let Dm = ^n<mD'%[ be the set of finite words drawn from Dm- Let Tm'- E — >■ Dm be the letter 
map 

C M for X G [M,oo), 

Tm{x) = { M[x/M] for xG(-M,M), (C.20) 
-M for X G (-oo,-M], 



and Tm: E = UkenE^ [Dm]m = ^IL^D\,^ the word map 

TM{y) = Tm{xi, . . .,Xm) = (TmXi, . . .,TMXmAM), m G N, Xi , . . . , G -E. 



For Q G V""{DIj), define (compare with (3.6-3.7)) 



where, for y G D^,j, 



(Pl3,h{y) fory = (xi, 
2 otherwise. 



{^iQ){dy)log^f^f,{y), 

Dm 



G [Dm \ {-M,M}r, m = 1, . . . ,M - 1, 



(C.21) 



(C.22) 



(C.23) 
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Next, let I^^ ^ [0,oo] and If}"": V''^^[DIj) [0,oo] be the quenched, respec- 



tively, annealed rate function when the disorder distribution is given by um = 
and the word length distribution is pM given by pm{^) = p{m) for m = 1,...,M 
P{M) = Ilm>MPi'^)- Define 

df = {QG V^-'iDl): liriQ) < oo, mg < oo}. 



— 1 and 



(C.24) 



We know from (3.10), ( 3.13[ ) and ( |3.16 ) that S"'"'^(/3, /i; is non-increasing as a function of the 
disorder distribution u. Inside the interval (— M, M) the map Tm moves points upwards, while 
4>l3,h{y) > \, y ^ E. We therefore see from (C.23) that 4'p^h{y) > 4'^h{'^My)i y ^ E. Hence 
S'*^™(/3, h; g) is bounded from below by its analogue S'^^{P, h\ g) with v replaced by vm, p by pM 
and 



',h by (k^h- It therefore follows from (C.16) and the first inequality that 



5^-(/3,/i;0+) > 5r(/3,/i;0+) > 5r(/3,/i;0) 
= sup [^f^^{Q)-lT{Q)\ 



sup [cD^yg) 



(C.25) 



where the last equality in (C.25) uses Proposition |C.l in combination with the fact that Dm is 
finite and ^>^^ is bounded and continuous on (note that J^J"" = I^f on Cfj' n 71 by ^^). 

For Q G V'^'^iE^), let [Q]m 



Q o {T^j)~^. Then the right-hand side of (|C.25D equals 



sup [<^Xhi[Q]M) 



iirmM)]. 



(C.26) 



Next, ?Ti[Q]^^ < niQ, Tm is a projection, and relative entropies are non-increasing under the 



action of a projection. Recalling ( 2.16f 2.17 ), we therefore have Im^{[Q]m) < /^"^(Q) for all 



Q G r'''^{E^) and M G N. Hence (C.25 



C.26 



combine to give 



Si-(/3,/i;0+)> sup [cI>^y[Q]M)-/^"^(Q)]. 



(C.27) 



Finally, because hmAf^oo[Q]A/ = Q weakly for all Q G V'^-'^iE^) and limAf^oo 4>^^hiy) = ^I3,h{y) 
for all y ^ E, Fatou's lemma tells us that limM^oo^^^hdQ'lM) > ^fS,h{Q)- Hence we arrive at 
(recall K^) 



S'i-(/3,/i;0+)> sup [<^p,H{Q)-I'''''m = Sr{P,h). 



(C.28) 



D Concentration of measure estimates for the disorder 



First we introduce some notation. After that we state and prove the concentration of measure 



estimate for the disorder uj that was used in the proof of Lemmas A.l and A. 2 (Lemmas D.1-D.2 
below) . 



Recall (1.2). The cumulant generating function A i— )■ M(A) is analytic, non-negative and strictly 



convex on M, with M(0) = M'(0) = (recall (|l1|). In particular, G = M' and its inverse H = 
are both analytic and strictly increasing on [0,oo). 

For ly, X > 0, define 



/h/,.(A) = x [M(A)-Af] 



A G 



(D.l) 
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and note that A i— )• fw,x{^) is strictly convex on M, with fw,xiO) = and f{y,j.{0) = —W < 0. 
Putting 

X = hm G(A) G (0,oo] (D.2) 



(which, by ( 1.2 ), equals the supremum of the support of the law of —uji), we have lim;)j_>oo fw,xi^)/^ 



= XX — W, and so there are two cases: 

(I) If ^ < Xj then fw,x has a unique minimizer at some A=k G (0, oo]. Note that A* = oo if and 
only if ^ = 

(II) If — > X; then /vi/,x attains it minimum at infinity. In this case fw,x{oo) = — oo, since 



W M(A) 
X A 



< -Ax 



W 



X 



(D.3) 



where we use that < ^^^^ < ^. 
In case (I), we have 

X, = X,(W,x) = Hif), fw,xi^*) = -x [A,G(A*)-M(A*)]. 



(D.4) 



Since H(y) is well defined only for y < X) in what follows we will always assume that the arguments 
of H are at most x- 

Our concentration of measure estimate is the following. Let 



F(A) = AG(A) -M(A), Ag[0,oo). 



M(A) 



(D.5) 




-F(A) 

Figure 10: Qualitative picture of A i->- Af(A). The slope at A equals G(A). 

Lemma D.l For n G N and A, B > 0, 

<ex.p[-nF{H{^+B))] when A/n + B <x, 



Wfe < —A — nB 

\k=l J 



when A/n + B > x, 



where 
with 



nF{H{^ + B))>C{A + n), whenA/n + B<x, 
C=1[F{H{B))AF{H{1))]>0. 



(D.6) 

(D.7) 
(D.8) 
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Proof. Estimate 



^Wfe < -W ] = inf P f e"^^fe=i^'= > e 



\k=l 



XW 



(D.9) 



< inf e-^^ 

A>0 



inf e-^W+^M{X) ^ gmfA>o/w,n(A) 
A>0 



with A I—)- /vK,n(A) the function defined in (D.l). In Case (I), (D.4) shows that the minimal value 
of fw,n is —nF{X^,{W, n)) = —nF{H{^)). Together with the lower bound on nF{H{^)) that is 



derived in Lemma D.2 below, this proves the first line of (D.6) with the estimates in (D.7 ^D.8 ) 
In Case (II), fw,n attains its infimum at infinity, with fw,n{oo) = -co, which proves the second 
line of ([5^. I 



Lemma D.2 For every A,B>0 and x G [1, oo) with A/x+B < x there exists aC > (depending 
on B only) such that 

xF{H{^ +B))>C{A + x), xG[l,oo). 



Proof. For x > A, estimate 

xF{H{^ + B)) > xF{H{B)) > \{A + x) F{H{B)). 
For x < A, on the other hand, estimate 

X F{H{j +B))>A )~i FiH{^)) > A F{H{1)) > ^(A + x) F{H{1)), 



(D.IO) 



(D.U) 



(D.12) 



where the second inequality uses that y ^ y F{H{y)) is strictly increasing on (0,x)- Combining 



the two estimates, we get the claim with C given by (D.8) 
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